ABSTRACT. We give a characterization of lacunary series in the Bloch space of the unit ball in C n in terms of Taylor coefficients. We also characterize Bloch functions whose Taylor coefficients are nonnegative. The corresponding problems for BMOA are discussed as well.
INTRODUCTION
We fix a positive integer n throughout the paper and let
denote the n-dimensional complex Euclidean space. For z = (z 1 , · · · , z n ) and w = (w 1 , ·, w n ) in C n we write z, w = z 1 w 1 + · · · + z n w n and |z| = |z 1 | 2 + · · · + |z n | 2 . The open unit ball in C n is the set B n = {z ∈ C n : |z| < 1}.
The boundary of B n is denoted by S n and is called the unit sphere in C n . Thus S n = {ζ ∈ C n : |ζ| = 1}.
When n = 1, the open unit ball in C = C 1 is often called the open unit disk and will be denoted by D.
For a holomorphic function f in B n we define ∇f (z) = ∂f ∂z 1 (z), · · · , ∂f ∂z n (z) .
It is customary to call
|∇f (z)| = ∂f ∂z 1 (z) It is easy to see that B 0 is simply the closure of the set of polynomials in B.
See [8] [5] [6] for more information about the Bloch space of the unit ball.
Let dσ be Lebesgue measure on the unit sphere S n normalized so that σ(S n ) = 1. For any p > 0 the Hardy space H p of B n consists of holomorphic functions f satisfying
It is well known that for each f ∈ H p , the radial limit
exists for almost all ζ ∈ S n . Furthermore, we have
See [4] and [8] for the theory of Hardy spaces in B n . BMOA is the space of functions f ∈ H 2 such that
where
See [8] for the theory of BMOA and VMOA.
A lacunary series in B n is a Taylor series of the form
where the sequence
Note that any sequence {m k } of positive integers satisfying (1) is called a Hadamard sequence. It is clear that the condition in (1) is equivalent to
where λ is some constant greater than 1.
Our main results are stated as Theorems A, B, and C below. The first result is a characterization of lacunary series in the Bloch space and the little Bloch space.
is a lacunary series in B n . Then f ∈ B if and only if there exists a constant C > 0 such that
for all k ≥ 1; and f ∈ B 0 if and only if
Here and throughout the paper we adopt the convention that 0 0 = 1. For any multi-index α = (α 1 , · · · , α n ) of nonnegative integers we write
n . Every holomorphic function f in B n has a Taylor expansion
Our second result characterizes functions in the Bloch space whose Taylor coefficients are nonnegative.
Theorem B.
Suppose m is any positive integer and f (z) = a α z α is a holomorphic function in B n with each a α ≥ 0. Then f ∈ B if and only if there exists a constant C > 0 such that
for all positive integers N , where
Two special cases of Theorem B are especially simple. The first case is when n = 1 and the second case is when f is the composition of an analytic function in D with a fixed multi-variable monomial. See Section 5.
Theorem C. Suppose n > 1 and
where α = (α 1 , · · · , α n ) is any fixed multi-index of nonnegative integers with |α| > 0. Suppose g(z) is analytic in the unit disk. If g is a lacunary series or if the Taylor coefficients of g are nonnegative, then the following conditions are equivalent.
(c) g belongs to the Bloch space of D. It is well known that BMOA is contained in B, so (b) implies (a). That (c) implies (b) is proved in [1] . So our contribution here is the implication that (a) implies (c). We will also obtain analogues of Theorems A, B, and C for the little Bloch space and VMOA.
LACUNARY HOMOGENEOUS EXPANSIONS
We begin with the following well-known characterization of lacunary series in the Bloch space of the unit disk D; see [2] for example. Here l ∞ is the space of all bounded sequences, and c 0 is the space of all sequences that converge to 0. We are going to extend the above result to the setting of the unit ball.
Lemma 1. Suppose
Suppose
is the Taylor expansion of a holomorphic function in B n . For any integer k ≥ 0 we define
It is clear that f k is a homogeneous polynomial of degree k, and
The series representation in (3) is called the homogeneous expansion of f . We say that f has a lacunary homogeneous expansion if its homogeneous expansion is of the form
where the sequence {m k } satisfies condition (1). If n = 1, then lacunary homogeneous expansions are just lacunary series in the unit disk. When n > 1, every lacunary series is a lacunary homogeneous expansion; and a lacunary homogeneous expansion is a lacunary series if every homogeneous polynomial f m k consists of just one term.
Proposition 2. Suppose
is a lacunary homogeneous expansion in B n . Then f ∈ B if and only if there exists a constant C > 0 such that
Proof. For any ζ ∈ S n we consider the slice function
It is clear that for any ζ ∈ S n the function
is a lacunary series in the unit disk. It is also easy to check that
for all ζ ∈ S n and 0 ≤ r < 1. More generally, it can be checked that
where 0 ≤ r < 1, ζ ∈ S n , and ζ = ηe iθ with θ real. The desired result then follows from Lemma 1.
It is clear that the condition in (4) is equivalent to
We also have the following little oh version.
Proposition 3. Suppose
is a lacunary homogeneous expansion in B n . Then f ∈ B 0 if and only if
LACUNARY SERIES
A lacunary series in B n is a function whose homogeneous expansion is given by
. According to (5) and (6), to determine when such a lacunary series belongs to the Bloch space (or little Bloch space), we must compute the maximum modulus of the functions f m k on the unit sphere.
Proof. Without loss of generality, we may assume that each α k is positive. For example, if α n = 0, then α αn n = 1 and it is easy to see that sup
Then our extremal problem is equivalent to finding
The existence of a maximum value is obvious. Furthermore, the maximum value must occur at a point (x 1 , · · · , x n ) where each x k ∈ (0, 1). We use Lagrange's method of multipliers to find this maximum value.
Consider the multi-variable function
. We must solve the system of equations
where 1 ≤ k ≤ n. Manipulating the partial derivatives a little bit, we arrive at the equations
and (10)
We add up the n equations in (9) and then apply (10). The result is
n . Plug this into (9) again. We obtain (11)
Since this is the only solution of (8) with each x k ∈ (0, 1) (recall that we are assuming that each α k is positive), the maximum value M α must be attained at the point given by (11). Therefore,
and the proof of the lemma is complete.
Note that the above lemma is essentially a by-product of the proof of Lemma 2.2 in [1] . We thought a direct proof here would be more revealing.
Combining Propositions 2 and 3 with Lemma 4, we obtain the following characterization of lacunary series in the Bloch space. Equivalently, Theorem 5 can be stated as follows. Suppose
Theorem 5. Suppose
is a lacunary series. Then f ∈ B if and only if {a k } ∈ l ∞ ; and f ∈ B 0 if and only if {a k } ∈ c 0 .
EXAMPLES AND BMOA
In this section we give some examples to illustrate the use of Theorem 5. We also relate our characterization of lacunary series in the Bloch space to membership of certain lacunary series in the space BMOA. Proof. In Theorem 5, replace each m ki by m k , and replace m k by nm k . The desired result follows.
Corollary 6. Suppose
f (z) = ∞ k=1 a k (n n ) m k (z 1 · · · z n ) m k , where m k+1 m k ≥ λ > 1 for all k ≥ 1. Then f ∈ B if
Corollary 7. Suppose
Then f ∈ B if and only if {a k } ∈ l ∞ and f ∈ B 0 if and only if {a k } ∈ c 0 .
Proof. Simply choose m k = 2 k+1 in Corollary 6.
In particular, the function
is in the Bloch space, and the function
is in the little Bloch space. More generally, we fix a multi-index α = (α 1 , · · · , α n ) of nonnegative integers such that |α| = α 1 + · · · + α n > 0, and consider lacunary series of the form
where {m k } is any Hadamard sequence of integers. In Theorem 5, if we replace each m ki by α i m k , and if we replace m k by |α|m k , then we see that the function f defined in (12) is in the Bloch space if and only if {a k } ∈ l ∞ , and it is in the little Bloch space if and only if {a k } ∈ c 0 . This result can be strengthened as follows.
Theorem 8. Suppose n > 1 and f is defined in (12). Then the following conditions are equivalent.
(a) f is in the Bloch space.
Proof. The equivalence of (a) and (c) follows from the remarks right before this theorem. It is well known that BMOA is contained in the Bloch space, so (b) implies (a). If {a k } ∈ l ∞ , then the function
belongs to the Bloch space of the unit disk (see Lemma 1) . Composing the function g with the function
which maps the unit ball B n into the unit disk D, and applying Theorem 3.3 of [1], we conclude that f = g • π is in BMOA of B n .
Similarly, we also have the following little oh version.
Theorem 9. Suppose n > 1 and f is defined in (12). Then the following conditions are equivalent.
(a) f is in the little Bloch space.
The assumption n > 1 in Theorems 8 and 9 is essential. In fact, in the unit disk D, lacunary series in the Bloch space are characterized by the condition {a k } ∈ l ∞ , while lacunary series in BMOA are characterized by the condition {a k } ∈ l 2 . Similarly, lacunary series in the little Bloch space of D are characterized by the condition {a k } ∈ c 0 , while lacunary series in VMOA of D are characterized by the condition {a k } ∈ l 2 . See [3] and references there. So Theorems 8 and 9 cannot possibly be true for n = 1.
In higher dimensions, Theorems 8 and 9 tell us that for a special class of lacunary series, membership in B (or B 0 ) and in BMOA (or VMOA) are the same. So it is natural for us to ask whether this is also true for a general lacunary series. We do not know the answer.
FUNCTIONS WITH NONNEGATIVE TAYLOR COEFFICIENTS
In this section, we study holomorphic functions in B n whose Taylor coefficients are nonnegative. We obtain a necessary and sufficient condition for such a function to be in the Bloch space or the little Bloch space. 
as N → ∞.
Proof. For each ζ ∈ S + n we consider the slice function f ζ defined on the unit disk by
It follows from the proof of Proposition 2 that there exists a constant C > 0, independent of ζ and w, such that
Let
where N is a large positive integer. Then
as N → ∞. So we can find another constant C > 0, independent of ζ, such that
Since this estimate holds uniformly for ζ ∈ S + n , we have proved the lemma for m = 1.
For a general positive integer m, the arguments in the previous paragraph
(w) also show that we can find a constant C > 0, independent of ζ again, such that 
Proof. The proof is similar to that of Lemma 10. We omit the details.
Lemma 12. Suppose f (z) = a α z α is a holomorphic function in B n . If there exists a positive integer m such that
as N → ∞, then the function f is in the Bloch space.
Proof. Once again, we consider the slice functions
We differentiate f ζ term by term m times. Then
where w ∈ D and η = (
By (15) there exists a constant C > 0, independent of ζ, such that
Therefore,
we can find a constant C > 0, independent of ζ, such that
This shows that each f ζ belongs to the Bloch space of the unit disk, and the Bloch norm of f ζ is bounded in ζ. By the proof of Proposition 2, we must have f ∈ B.
Again, we have the following little oh version. Proof. The proof is similar to that of Lemma 12. We omit the details.
An interesting consequence of Lemmas 10 to 13 is that |a α |z α ∈ B (or B 0 ) implies that a α z α ∈ B (or B 0 ). This is something that is not obvious at all from the definition of Bloch functions, and the converse is not true even when n = 1. See [7] .
Combining Lemmas 10 and 12, we obtain the following characterization of Bloch functions in B n with nonnegative Taylor coefficients. 
(c) For some positive integer m we have
Combining Lemmas 11 and 13 we obtain the following little oh version of Theorem 14. 
We now look at some special situations. First, if n = 1, then S + n is the singleton {1}. This gives the following two corollaries from [7] . 
Next, we consider functions of the form
where each a k ≥ 0 and α is any fixed multi-index of nonnegative integers with |α| > 0. In this case, we apply Lemma 4 to obtain
This gives the following two corollaries. 
is in the Bloch space of the unit disk. By Theorem 3.3 of [1] , the function f = g • π is in BMOA of B n , where 
Proof. This is similar to the proof of Corollary 18. We omit the details.
FURTHER REMARKS
If we replace the monomial π(z) = |α| |α| α The same remark applies to the function defined in (17) and Corollaries 18 and 19. Another class of examples can be constructed using the first degree polynomial π(z) = z, η , where η ∈ S n .
Our main results can also be applied to several other related spaces. We mention two well-known cases here.
First, for 0 < α < 1, the Lipschitz space Λ α consists of holomorphic functions f in B n such that sup |f (z) − f (w)| |z − w| α : z, w ∈ B n , z = w < ∞.
It can be shown using certain fractional radial differential operators that a holomorphic function f with homogeneous expansion f (z) = Once again, using certain fractional radial differential and integral operators (see [8] ), we can show that a holomorphic function f in B n with homogeneous expansion f (z) = belongs to B. Our main results can then be translated to the Bloch type spaces B α using this relation. We omit the obvious details.
